
���������A � g F�%�Æ��(#�l;�)5, �/)s[�℄%�4x;�)5.  3, U�8�4x;� 5Z8#�l;�)5, -8Ls�}
({vHa�Æ(�)5. D�-xv|X>(�)5N�:'2 1. 0 g(x) 8,y� [0,∞) .(9h(9>
P?, +N1B\�� Y ,} Eg(|Y |) < ∞, �1*T4' g(a) > 0 ( a > 0, -}
P (|Y | ≥ a) ≤

Eg(|Y |)

g(a)
. (1)+N=V6eP?(Y, �A�)5
�!|8U8�(. Y� Eg(|Y |):��0, ��X |Y | ≥ a (s0, �{ g(x) (9he, s�{�)R�

Eg(|Y |)I(|Y | ≥ a) � g(a)P (|Y | ≥ a) �k!|, uI�6+X:

Eg(|Y |) = Eg(|Y |)I(|Y | ≥ a) + Eg(|Y |)I(|Y | < a) (`Vk℄)

≥ Eg(|Y |)I(|Y | ≥ a) (~lvy℄)

≥ g(a)EI(|Y | ≥ a) (j{ g(x)Z_hx)

= g(a)P (|Y | ≥ a) (zu EI(|Y | ≥ a) = P (|Y | ≥ a)).x_
Eg(|Y |) ≥ g(a)P (|Y | ≥ a),�~V_' (1) 5.s�|�, �)5 (1) s�R#�l;�)5. �q"$j� �(B\�� Y SP? g(x), sxv'%sW	�Ld5(�Æ�)5.

� +N1B\�� Y ,} E|Y |r < ∞ (r > 0),sxv� (1)�& g(x) = xr,'%
P (|Y | ≥ x) ≤

E|Y |r

xr
, ∀ x > 0. (2)

� H	+, � r = 2 2, xvKO� (1) �j& g(x) = x2 S Y = X − EX , '%
P (|X − EX| ≥ x) ≤

E(X −EX)2

x2
=

DX

x2
, ∀ x > 0. (3)
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�s`<.� (3) 5j�#�l;�)5, 3� (2) 5�Rs�%dX(NM(#�l;�)5.

� ��})C�(J�9>B\��(+X(�4x;�)5:

P (X ≥ a) ≤
EX

a
, � a > 0,E8 (1)5(℄RH;(d5. 73., �g� (1)5�& g(x) = xS Y = X _x.}e��, T�� (1) 5v^|DC�1�|(B��)5MM�R#�l;�)5.gqÆ�, #�l;�)5
�8�*T%zX-�C��Æ(q(Ha(. w+X(��:4 1. (1) 0 X ∼ N (0, 1), 9Ha�Æ P (|X − 0.5| > 0.4);

(2) 0 X ∼ N (µ, σ2), 9Ha�Æ P (|X − µ| > 2σ).0: (1)+NÆ{#�l;�)5, & g(x) = x2, }
P (|X − 0.5| > 0.4) ≤

E(X − 0.5)2

0.42
=

EX2 − EX + 0.52

0.16
=

1.25

0.16
≈ 8.}b
fTnstT^, Xoqrbwe, T{
f, pdam\TW| 1, d�|WYgi 8 Z[U? ��D�{�.#�l;�)5, zRT��&B\�� X (:�, Cv	(�68�	E:��:

P (|X − 0.5| > 0.4) = P (X − 0.5 > 0.4) + P (X − 0.5 < −0.4)

= 1− Φ(0.9) + Φ(0.1) = 1− 0.8159 + 0.5398 = 0.7239.

(2) ,{#�l;�)5, & g(x) = x2, }
P (|X − µ| > 2σ) ≤

DX

4σ2
=

1

4
.#873., | X ∼ N (µ, σ2), x�

X − µ

σ
∼ N (0, 1),Cv

P (|X − µ| > 2σ) = P

(

∣

∣

∣

X − µ

σ

∣

∣

∣
> 2

)

= 2(1− Φ(2)) = 0.0456��'�|(mNi�{#�l;�)5qq('2.!BPD.�5 X %*�GR, SR#E%<FO)��, =�J+�&A>1L�H9$"KINM%,7-/; w`A��.
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4 2. u��_��y����v} 70 )jf.

(1) HaX�?y��/} 80 )jf(�Æ;

(2) +Nu�?y�B�jf)?(8�8 8, �Ha.>�Æ.0:v X �6jy)?, � X 89>�?
B\��.

(1) |�o�&�v)? EX = 70, Cv� (2) 5�& r = 1, '%
P (X ≥ 80) ≤

EX

80
=

7

8
.�8sAUxK(�Æ, ��Xs�jf)?�O 80 )(�Æ^� 7

8
, #%*^%T��/, 'U�Ha.

(2) |���v
�P, Z�Z�&�8� DX = 8, Cv�4{#�l;�)52sxvÆ{ (3) 5:

P (X ≥ 80) = P (X − 70 ≥ 10) ≤ P (|X − 70| ≥ 10) ≤
DX

100
= 0.08.�ps|, T�sb�}?�, _Xs�jf)?�O 80 )(�Æ�!, �[�O 8%. �s8#�l;�)5"|(sAQ�, D�:�S�(%zX, o��QS8�, }2rxvC��Æ.n(sAiQ(Ha.)�E2+8v#�l;�)5�RFu, G�B\��(e�v^B\��h	(t�Æ:�e, �{-!?
. T�Y|w�{#�l;�)5G�B\��e�(sA��.4 3. 8�R 0 (B\��8OX(B\��, _} DX = 0, �1�A�?

c, } P (X = c) = 1.Q:: |� X (8���, CvD(?k�Q��, b c = EX , �|#�l;�)5, 1*T ε > 0, -}
P (|X − c| > ε) = P (|X −EX| > ε) ≤

DX

ε2
= 0,���, 1*T ε > 0, -}

P (|X − c| ≤ ε) = 1.�.5�� ε → 0, |�Æ(.�ie_' P (|X − c| = 0) = 1, _ P (X =

c) = 1.X�8�{#�l;�)5Ha�Æ.n(}sA��.
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4 4. , X 89>�?
B\��, �}
1−EX ≤ P (X = 0) ≤

DX

(EX)2
.Q:: |� X 89>�?
B\��, I} EX > 0 (+N EX = 0, �w
 X 8OX� 0 (B\��), �3|#�l;�)5�

P (X = 0) = P (X −EX = −EX) ≤ P (|X − EX| ≥ EX) ≤
DX

(EX)2
.�_C
�)5(~�
. {�A�)5Ha�Æ(86�R5lt86, pLU��, #� DX < (EX)2 (%zX, 1
��`℄[,~Z8\$}{(. 
s8�, ,� (2) 5�� r = 1, �x'

P (X ≥ 1) ≤ EX,I�
P (X = 0) = 1− P (X ≥ 1) ≥ 1− EX.�_C
�)5(��
. {�A�)5Ha�Æ(86�Rslt86. X�T�|G�B\��h	(-!?,
, ��`G��, #�l;�)58sA�qFu.'2 1. 0 {Xn, n ∈ N} RB\��h	, Sn =

n
∑

k=1

Xk. +N��3?h	
{an, n ∈ N} S	?h	 {bn, n ∈ N}, 4'

Sn − an

bn

p
−→ 0, (4)x_

lim
n→∞

P

(
∣

∣

∣

∣

Sn − an

bn

∣

∣

∣

∣

≥ ε

)

= 0, ∀ ε > 0, (5)s� {Xn, n ∈ N}<�-!?
.  � {an, n ∈ N}�R�bX?	, {bn, n ∈

N} �R	�X?	.nr-!?
, s81B\��h	 {Xn, n ∈ N} m����bX?	 {an, n ∈ N} S	�X?	 {bn, n ∈ N}, 4' (4) 5��(Jf. +N
E|Xn| < ∞, n ∈ N, ��s�s[& an = ESn, bn = n, n ∈ N, G�4'

Sn − ESn

n

p
−→ 0 (6)��(Jf.X�8s`-!?
(��.
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4 5. (8(1+? C6) ,1B\��h	 {Xn, n ∈ N}, }
lim
n→∞

DSn

n2
= 0, (7)�}+ (6) 5(-!?
��.Q:: �#�l;�)5�� g(x) = x2, x�, 1*T ε > 0, $ n → ∞2, -}

P

(
∣

∣

∣

∣

Sn −ESn

n

∣

∣

∣

∣

≥ ε

)

= P (|Sn − ESn| ≥ nε)

≤
E(Sn − ESn)

2

n2ε2
=

1

ε2
DSn

n2
→ 0,Cv}+ (6) 5(-!?
��.��4x;-!?
��}1h	 {Xn, n ∈ N} �(B\���d(\WJW�*T
,, Cv8sAiRM7(m�.4 6. (=�J+? C6)+Nh	 {Xn, n ∈ N} �(B\�����\J$���? C > 0, 4' DXn ≤ C, ∀ n ∈ N, ��s}+ (6) 5(-!?
��. Q:: |� {Xn, n ∈ N} �(B\�����\J, Cv

DSn =

n
∑

k=1

DXk ≤ nC,_}Jf (7) ��. I| Markov -!?
'�#�l;-!?
��.4 7. (�;3? C6)+N�.��=B\9o�, ���G(�Æ8 p (0 <

p < 1). v Zn �6 n �.��=9o�(�G�?, �}
Zn

n

p
−→ p. (8)Q:: xa Zn =

n
∑

k=1

Xk := Sn,  � {Xk} 8s	\W.�(L:�(B\��,} P (Xk = 1) = p, P (Xk = 0) = 1−p. �3 EXk = p, DXk = p q ≤ 1.Cv|#�l;-!?
'�}+ (6) 5(-!?
��, x_} (8) ��.
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